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Abstract
Motivated by black hole experiments as a consequence of the TeV-scale grav-
ity arising from modern brane-world scenarios, we study the absorption prob-
lem for the massive scalars when the spacetime background is a (4 + n)-
dimensional Reissner-Nordstro¨m black hole. For analytic computation we
adopt the near-extreme condition in the spacetime background. It is shown
that the low-energy absorption cross section for the s-wave case holds an uni-
versality, i.e. the absorption cross section equals to the area of the black hole
horizon divided by a velocity parameter.
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I. INTRODUCTION
In the brane-world scenarios our four-dimensional universe is embedded in the higher-
dimensional bulk space. Although the higher-dimensional theories have their own long
history [1], modern brane-world scenarios generally assume the large [2,3] or warped [4,5]
extra dimensions. The most remarkable consequences arising from the modern brane-world
scenarios seem to be a short-range behavior of the gravity deviated from the usual Newton
law [5–12] and the emergence of the Tev-scale gravity. Especially, the emergence of the
Tev-scale gravity provides a motivation [13–15] for the black hole experiments in the future
accelerator such as the CERN Large Hadron Collider. Thus, it is important to investigate
the effect of the extra dimensions in the various properties of black holes.
In this context, recently, the absorption and emission problems for the (4+n)-dimensional
Schwarzschild black hole are examined [16,17]. Especially, Ref. [17] shows that the ratio
factor 1/8 [18] of the low-energy absorption cross sections for the massive scalar and Dirac
fermion minimally coupled to the four-dimensional Schwarzschild black hole is changed into
2−(n+3)/(n+1) when we have n-dimensional toroidally compactified extra space.
In this letter we would like to examine the absorption problem of the massive scalar min-
imally coupled to the (4+n)-dimensional Reissner-Nordstro¨m(RN) black hole. In particular
we will show that the low-energy absorption cross section for the s-wave massive scalar holds
the generalized universality [17], i.e. σ ∼ Ah/v¯, where Ah is an area of the horizon hyper-
surface and v¯ =
√
1−m2/ω2 is a velocity parameter introduced firstly in Ref. [18]. In fact,
this formula is a generalization of the universality for the massless scalar examined in Ref.
[19].
II. SOULTIONS
The (4 + n)-dimensional RN spacetime is well-known [20,21] whose metric is explicitly
ds2 = −
[
1−
(
r˜+
r˜
)n+1] [
1−
(
r˜−
r˜
)n+1]
dt2 +
dr˜2[
1−
(
r˜+
r˜
)n+1] [
1−
(
r˜
−
r˜
)n+1] + r˜2dΩ2n+2 (1)
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where r˜± represent the outer and inner horizons. Thus, r˜− = 0 and r˜− = r˜+ means the
Schwarzschild and extremal limits, respectively. The mass M and charge Q of the RN black
hole are given by
M =
n+ 2
16πG
Ωn+2
(
r˜n+1+ + r˜
n+1
−
)
(2)
Q = ± (r˜+r˜−)
n+1
2
√
(n+ 1)(n+ 2)
8πG
where Ωn+2 is the area of a unit (n+ 2)-sphere
Ωn+2 =
2π
n+3
2
Γ
(
n+3
2
) . (3)
For computation of the absorption cross section it is convenient to introduce the new
parameters r0 and r1 as following:
r˜+ =
(
rn+11 + r
n+1
0
) 1
n+1 r˜− = r1. (4)
Then the spacetime metric (1) reduces to
ds2 = −h(r)f−n−1(r)dt2 + f(r)
[
h−1(r)dr2 + r2dΩ2n+2
]
(5)
where r is a new radial coordinate defined
r˜2 = f(r)r2 (6)
and
f(r) =
[
1 +
(
r1
r
)n+1] 2n+1
h(r) = 1−
(
r0
r
)n+1
. (7)
Of course, dΩ2n+2 is an angle-dependent part of the metric
dΩ2n+2 = dθ
2
1 + sin
2 θ1
[
dθ22 + sin
2 θ2
{
dθ23 + · · ·+ sin2 θn
(
dθ2n+1 + sin
2 θn+1dφ
2
)
· · ·
}]
. (8)
If n = 1, the metric (5) exactly coincides with a five-dimensional solution of the low-energy
action of type-IIB string theory compactified on a torus explicitly introduced in Ref. [22] on
condition that three charges Q1, Q5 and QK in Ref. [22] are all same. In this letter, however,
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we will consider the arbitrary number of extra dimensions. Also we omit the configuration
of the electromagnetic field, which is not necessary throughout the paper.
Now, we consider a scalar field Φ minimally coupled to the spacetime (5). Then the
usual wave equation (✷−m2)Φ = 0 reduces to the following radial equation:
[
h
rn+2
∂r
(
rn+2h∂r
)
− ℓ(ℓ+ n + 1)
r2
h−m2fh+ fn+2ω2
]
R = 0 (9)
where we assume the separability Φ = e−iωtR(r)Y˜ℓ(Ω) and Y˜ℓ is an higher-dimensional
spherical harmonics. What we want to do is to solve Eq.(9) in the asymptotic and near-
horizon regimes separately. Matching one solution with another, we would like to extract
information on the greybody factor and the absorption cross section.
In the asymptotic region r ∼ ∞, we have h ∼ f ∼ 1 which makes Eq.(9) simply
[
∂2r +
n+ 2
r
∂r + ω
2v¯2
]
RsFF = 0 (10)
where v¯ = 1−m2/ω2 and we confined our attention to the s-wave, i.e. ℓ = 0. For the case of
non-zero angular momentum, i.e. ℓ 6= 0, it seems to be very difficult to solve Eq.(9) even in
the asymptotic region. Also the solution should be non-trivially dependent on the number
of extra dimensions in this case. Since our main interest is focused on the universality of
the low-energy absorption cross section, we choose ℓ = 0 for simplicity. The subscript of R
in Eq.(10) stands for “far field” and the superscript indicates our restriction to the s-wave.
The solution of Eq.(10) is easily expressed in terms of the Bessel functions:
RsFF = r
−n+1
2
[
A1Jn+1
2
(ωv¯r) + A2Yn+1
2
(ωv¯r)
]
. (11)
Next we would like to solve the radial equation (9) in the near-horizon region r ∼ r0,
which corresponds to r˜ ∼ r˜+. It is convenient for further analysis to introduce a new variable
v = (r0/r)
n+1, which changes Eq.(9) into
[
(1− v) d
dv
(1− v) d
dv
− ℓ(ℓ+ n+ 1)(1− v)
(n+ 1)2v2
− m
2(1− v)f
(n+ 1)2rn+10 v
rn+3 +
ω2fn+2
(n+ 1)2rn+10 v
rn+3
]
R = 0.
(12)
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It seems to be formidable to solve Eq.(12) in the near-horizon region v ∼ 1. Thus, we
restrict our attention to the near-extremal case, i.e. r0 ∼ 0, for analytical analysis. With
this restriction f(r) can be expanded as a power series with an expansion parameter r0/r1.
Then the radial equation (12) reduces to
[
(1− v) d
dv
(1− v) d
dv
+
(
D +
C
v
+
G
v2
)]
RNE = 0 (13)
where the superscript NE indicates the near-extremal case and
D =
ω2r20
(n+ 1)2
(
r1
r0
)2n+4
(14)
C =
m2r21
(n+ 1)2
+
2(n+ 2)ω2r20
(n + 1)3
(
r1
r0
)n+3
+
ℓ(ℓ+ n+ 1)
(n+ 1)2
G = − m
2r21
(n + 1)2
[
1− 2
n+ 1
(
r0
r1
)n+1]
+
(n+ 2)(n+ 3)ω2r21
(n + 1)4
− ℓ(ℓ+ n+ 1)
(n + 1)2
.
In order to solve Eq.(13) in the near-horizon region, we introduce z = 1− v and RNE =
z−i(a+b)/2FNE, where the constants a and b will be fixed later. Then Eq.(13) becomes
z(1− z)d
2FNE
dz2
+ (1− ia− ib)(1− z)dF
NE
dz
(15)
+
[(
(a + b)2
4
−D
)
+
1
z
(
D + C +G− (a+ b)
2
4
)
+
G
1− z
]
FNE = 0.
Since z ∼ 0 in the near-horizon region, we can simplify Eq.(15) in this region as
z(1− z)d
2FNENH
dz2
+ (1− ia− ib)(1 − z)dF
NE
NH
dz
(16)
+
[(
(a+ b)2
4
−D +G
)
+
1
z
(
D + C +G− (a+ b)
2
4
)]
FNENH = 0
where the subscript NH denotes the near-horizon. Choosing
a =
√
D + C +G+
√
D −G (17)
b =
√
D + C +G−√D −G,
we can solve Eq.(16) in terms of the hypergeometric functions. Thus, RNE in the near-
horizon region, say RNENH , becomes
RNENH = αIz
−ia+b
2 F (−ia,−ib; 1 − ia− ib; z) + αIIzia+b2 F (ia, ib; 1 + ia+ ib; z) . (18)
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Since the scalar wave should be purely ingoing in this region due to the physically relevant
reason, we should choose αII = 0, which yields
RNENH = αIz
−ia+b
2 F (−ia,−ib; 1 − ia− ib; z) . (19)
If we take z → 0 limit in RNENH , it is easy to show
RNENH ∼ αIz−i
a+b
2 = αIe
−i√D+C+G ln(1−v) = αIe
− i
2
(a+b) ln(1−v) (20)
as expected.
III. COMPUTATION OF ABSORPTION QUANTITIES
Now, we would like to compute the quantities related to the absorption via the matching
between the near-horizon solution (20) and the asymptotic solution (11). If we take z → 1
limit in Eq.(19), it is easy to show
lim
z→1
RNENH = αIz
−ia+b
2
[
Γ (1− ia− ib)
Γ(1− ia)Γ(1− ib)F (−ia,−ib; ǫ; v) (21)
+v
Γ(1− ia− ib)Γ(−1 + ǫ)
Γ(−ia)Γ(−ib) F (1− ia, 1− ib; 2; v)
]
where the regularization parameter ǫ = 0+ is introduced. Since v ∼ 0 when z ∼ 1, one
can expand Eq.(21) as a power series of v. Then the contribution to the linear term from
the first term in Eq.(21) involves an infinity proportional to 1/ǫ. This factor, however, is
exactly cancelled out by the contribution from the second term in Eq.(21). Thus, expanding
Eq.(21) simply yields
lim
r→∞R
NE
NH = αI
[
E +H
(
r0
r
)n+1]
(22)
where
E = Γ(1− ia− ib)
Γ(1− ia)Γ(1− ib) (23)
and H is a constant whose explicit expression is not needed.
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Next, we take r → 0 limit in Eq.(11), which is easily carried out by making use of the
series expansions of the Bessel functions:
lim
r→0
RsFF = A1


(
ωv¯
2
)n+1
2
Γ
(
n+3
2
) + · · ·

+ A2

−Γ
(
n+1
2
) (
2
ωv¯
)n+1
2
π
1
rn+1
+ · · ·

 . (24)
Comparing Eq.(22) with Eq.(24) straightforwardly leads
A1 = αI
Γ
(
n+3
2
)
(
ωv¯
2
)n+1
2
E (25)
A2 = −παI r
n+1
0
Γ
(
n+1
2
) (
2
ωv¯
)n+1
2
H.
It is worthwhile noting A1 >> A2 in the low-energy approximation, i.e. ω << 1, which will
be used later.
In order to compute the greybody factor we take r →∞ limit in RsFF :
lim
r→∞R
s
FF = ϕin + ϕre (26)
where ϕin and ϕre are respectively the incident and reflected waves, whose explicit forms are
ϕin =
A1 + iA2√
2πωv¯rn+2
e−i[ωv¯r−
n+2
4
π] (27)
ϕre =
A1 − iA2√
2πωv¯rn+2
ei[ωv¯r−
n+2
4
π].
From a definition of the conserved flux
j ≡ 1
2i
(
Ψ∗hrn+2
dΨ
dr
− c.c.
)
, (28)
the ingoing flux is exactly calculated:
jin =
1
2i
(
φ∗inhr
n+2dφin
dr
− c.c.
)
= − 1
2π
|A1 + iA2|2. (29)
By the same way it is straightforward to compute the transmitted flux using Eq.(20):
jtr = −n + 1
2
(a+ b)rn+10 |αI |2. (30)
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Thus the greybody factor F becomes
F ≡
∣∣∣∣∣ jtrjin
∣∣∣∣∣ = (n+ 1)π(a+ b)rn+10
∣∣∣∣∣ αIA1 + A2
∣∣∣∣∣
2
≈ (n + 1)π(a+ b)rn+10
∣∣∣∣∣αIA1
∣∣∣∣∣
2
, (31)
where the last approximation comes from |A1| >> |A2| in the low-energy approximation.
Combining Eq.(25) and (31), therefore, yields
F = (n+ 1)π(a+ b)rn+10
(
ωv¯
2
)n+1
Γ2
(
n+3
2
)
∣∣∣∣∣Γ(1− ia)Γ(1− ib)Γ(1− ia− ib)
∣∣∣∣∣
2
. (32)
Using a property of the gamma function |Γ(1 − ix)|2 = πx/ sinh x, it is straightforward
to re-express Eq.(32) in the form
F = 2(n+ 1)π2ab
(
ωv¯r0
2
)n+1
Γ2
(
n+3
2
) e2π(a+b) − 1
(e2πa − 1)(e2πb − 1) . (33)
Since D >> C >> G which is easily deduced from Eq.(14) with a condition of the
near-extremal limit, Eq.(17) indicates
a ∼ 2
√
D = 2
ωr0
n+ 1
(
r1
r0
)n+2
∝ r−n−10 (34)
b ∼ C
2
√
D
∼ (n+ 2)ωr1
(n+ 1)2
∝ r00
where we fix ℓ = 0 in Eq.(14) for the restriction to the s-wave. Eq.(34) also indicates a >> b.
With this approximation, therefore, the greybody factor (33) reduces to
F ≈ 2πrn+21 ω
(
ωv¯
2
)n+1
Γ2
(
n+3
2
) . (35)
The relation between the absorption cross section and the greybody factor in the higher
dimensions can be derived using a (4 + n)-dimensional optical theorem [23]
σℓ(ω) =
2nΓ
(
n+3
2
)
π(ωv¯rH)n+2
Ah (2ℓ+ n+ 1)(ℓ+ n)!
(n + 1)!ℓ!
F (36)
where rH andAh are respectively the horizon radius and the area of the horizon hypersurface.
For the s-wave case Eq.(36) implies
σs(ω) =
2nΓ2
(
n+3
2
)
π(ωv¯r1)n+2
AhF = Ah
v¯
(37)
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where Ah is for our case
Ah = 2π
n+3
2
Γ
(
n+3
2
)rn+21 . (38)
Thus the universality for the low-energy absorption cross section is valid in the higher-
dimensional RN as well as Schwarzschild black holes.
IV. CONCLUSION
In this letter we have examined the absorption problem for the massive scalars by the
higher-dimensional RN black holes. For analytic computation we have chosen the near-
extreme condition of the RN black holes. However, it seems to be greatly nice if we can
remove this near-extreme condition. If it is possible, we may be able to study the absorption
and emission problems in the Schwarzschild and RN black holes as an unified way. Appar-
ently, it is beyond the dilute gas region [24]. To relax the near-extremal condition we should
solve Eq.(12) in the near-horizon region without relying on r0 ∼ 0, which seems to be an
highly non-trivial problem. Although it is assumed to be possible to solve it approximately,
we should check whether this solution gives physically reasonable results through a matching
with the asymptotic solution. This should be another difficult problem. Perhaps, numerical
approach can be a breakthrough. For this we may use the numerical method of Ref. [25]
from the beginning. It may be possible in this approach to relax the s-wave restriction too.
We hope to consider this elsewhere.
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